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1. Introduction 

Suppose X is a smooth projective complex variety. Let Ni(X, Z) C 
H2(X, Z) and N-^(X, Z) C H^(X, Z) denote the group of curve classes 
modulo homological equivalence and the Neron-Severi group respec- 
tively. The monoids of effective classes in each group generate cones 
NEi(X) C Ni(X,M) and NE^(X) C N^(X,R) with closures NEi(X) 

and NE (X), the pseudoejfective cones. These play a central role in 
the birational geometry of X. 

Let X be an irreducible holomorphic symplectic variety, i.e., a smooth 
projective simply-connected manifold admitting a unique nondegener- 
ate holomorphic two- form. Let (,) denote the Beauville-Bogomolov 
form on the cohomology group (X, Z) , normalized so that it is in- 
tegral and primitive. Duality gives a Q- valued form on H2(X, Z), also 
denoted (, ). When X is a K3 surface these coincide with the intersec- 
tion form. In higher- dimensions, the form induces an inclusion 

H2(X,Z) C H2(X,Z), 

which allows us to extend (, ) to a Q- valued quadratic form. 

Now suppose that X contains a Lagrangian projective space p<i™(^)/2- 
let i e H2(X, Z) denote the class of a line in pdim(x)/2^ X = Ni e 
H^(X, Z) a positive integer multiple; we can take N to be the index of 
H2(X,Z) C H2(X,Z). Hodge theory [271 [33] shows that the deforma- 
tions of X containing a deformation of the Lagrangian space coincide 
with the deformations of X for which A G H^(X, Z) remains of type 
(1, 1). Infinitesimal Torelli implies this is a divisor on the deformation 
space, i.e., 

cR\X,Q],)c:^R\X,Tx). 
Our goal is to establish intersection theoretic properties of i for var- 
ious deformation-equivalence classes of holomorphic symplectic vari- 
eties. Previous results in this direction include 
(1) If X is a K3 surface then {£, i) = -2. 
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(2) If X is deformation equivalent to the Hilbert scheme of length 
two subschemes of a K3 surface then = — 5/2 [T5] . 

Here we prove 

Theorem 1.1. If X is deformation equivalent to the generalized Kum- 
mer manifold of dimension four and i the class of a line on a La- 
grangian plane in X then 

= -3/2. 

In Section (TU we discuss divisibihty properties of i and the orbit of 
[£] under the monodromy action. 

This is part of a program described in [H] to characterize numeri- 
cally classes of extremal rays in holomorphic symplectic manifolds, with 
a view towards characterizing ample divisors in terms of the intersec- 
tion properties of the Beauville-Bogomolov form on the divisor/curve 
classes. We expect that geometric properties of birational contractions 
should be encoded in the self-intersections of their extremal rational 
curves. In the examples we have considered, extremal rays associated 
to Lagrangian projective spaces have smallest self-intersection. See 
[131 US] for a detailed discussion of Hilbert schemes of length-two sub- 
schemes of K3 surfaces. Markman [2l] addresses divisorial contractions 
and the associated reflections. 

The main ingredients in our proof include an analysis of automor- 
phisms of generalized Kummer varieties, their fixed-point loci, and the 
resulting 'tautological' Hodge classes in middle cohomology. (Unlike 
the case of length-two Hilbert schemes, the middle cohomology is not 
generated by the second cohomology.) In particular, these tautological 
classes arise from explicit complex surfaces (see Theorem 14. 4p . We ana- 
lyze the saturation of the lattice generated by these tautological classes 
in the middle cohomology, and integrality properties of the quadratic 
form associated with the cup product. Computing the orbit of a La- 
grangian plane under the automorphism group, we obtain a precise 
characterization of the homology classes that may arise (see Proposi- 
tion 111.11 and Theorem lll.2p . 
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2. Automorphisms of holomorphic symplectic manifolds 

Let X be an irreducible holomorphic symplectic manifold. Let 

Aut°(X) c Aut(X) 

denote the subgroup of holomorphic automorphisms of X acting triv- 
ially on H^(Tx) and preserving the symplectic form u. Since X has 
no vector fields, this is a discrete group. This is equivalent to the 
automorphisms acting trivially on (X, C) , as 

= Cw© (a;(g)Hi(Tx)) ©Cw. 

Let X' be deformation equivalent to A, i.e., there exists a connected 
complex manifold 5, with distinguished points h and 6', and a proper 
family of complex manifolds : X ^ B with := vr~^(6) = X and 
= n-\b') = X'. 

Theorem 2.1. Aut°(A) is a deformation invariant of X , i.e., there 
exists a local system of groups 

Aut°{X/B) B 

acting on X ^ B, such that for each b' E B the fiber is isomorphic to 
Aut°(A'). 

Proof. Consider a local universal deformation space of X 

where A is a small polydisk and Uq = X [19]. The completeness of 
this family implies we can construct this equivariantly for the action of 
Aut(A), i.e., Aut(A) acts on U and A and ip is equivariant with respect 
to these actions. However, Aut°(A) acts trivially on the tangent space 
To A = H^(Tx), thus acts trivially on A as well. It follows that Aut°(A) 
acts fiberwise on W — A. 

Let Aut°{X/B) denote the group over B classifying automorphisms 
acting trivially on H^(A'b) for each b E B. The previous analysis shows 
Ant°{X/B) — > is a local homeomorphism. It remains to show this 
is universally closed. 

We first show that each automorphism specializes to a bimeromor- 
phic mapping : A' A'. The reasoning is identical to the proof of 
[m 4.3], i.e., that two non-separated points in the moduli space corre- 
spond to bimeromorphic holomorphic symplectic manifolds. Consider 
a convergent sequence 6„ — )■ b' and a sequence a„ G Aut°(A'f,^). The 
sequence of graphs 

Tn := C Xh^ X Xh^ 
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admits a convergent subsequence. Let F' C X' x X' denote the result- 
ing limit cycle, which necessarily includes a component Z that maps 
bimeromorphically to each factor. We take to be the bimeromorphic 
map associated with Z. 

The second step is to show that 

0, : H2(X',Z) ^ H2(X',Z) 

is the identity. This essentially follows from the description of the 
'birational Kahler cone' in |T71 §4], but we offer a proof here. Since T' 
is the specialization of a correspondence acting as the identity on H^, 
we know that T'^ = Id. Express 

V = Z + ^YiC X' X X', 

i 

where the 1^ map to proper analytic subsets of each factor; let tti and 
712 denote the projections. It suffices to show that Hj(Yi),j = 1,2, has 
codimension > 1; then Yi acts trivially on and 0* = T'^ = Id on 
H^. Since is a bimeromorphic map from a holomorphic symplectic 
manifold to itself, it is an isomorphism in codimension one and 0=,, is an 
isomorphism of H^. Enumerate the Yi such that 7ri(yj) has codimension 
one, i.e., Yi, . . . , Y^; since is an isomorphism in codimension one, these 
coincide with the components such that 7r2{Yi) has codimension one (cf. 
the proofs of [17j 2.5,4.2]). Furthermore, respects these divisors in 
the sense 

k k 

0.(^7ri(y,)) = ^7r2(F.); 

i=l 1=1 

indeed, Yi is ruled over both 7ri(yi) and 7T2{Yi). In this situation, we 
have [Hi p. 508] 

k k k 

I]M*Evri(F,)) = -Y,b^My^), h > 0. 

1=1 i=l 1=1 

The previous two equations contradict the fact that F' introduces the 
identity on the second homology. 

Thus is a bimeromorphic mapping of i^-trivial varieties respecting 
Kahler cones. A result of Fujiki [9] implies is an isomorphism. □ 

Remark 2.2. This is related to unpublished results of Kaledin and 
Verbitsky [18^ §6], where such automorphisms of generalized Kummer 
varieties Kn{A) were used to exhibit nontrivial trianalytic subvarieties 

of i^n(A). 
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3. Application to generalized Kummer varieties 

Suppose that X is a holomorphic symplectic variety of dimension 
2n, deformation equivalent to a generalized Kummer variety Kn{A), 
defined as follows: Given an abelian surface A with degree {n + 1) 
Hilbert scheme A'""'"^!, Kn{A) is the fiber over of the addition map 
a : At""*"^! — )■ A. The Beauville-Bogomolov form is given by 

(1) }l\Kn{A),Z) = }i\A,Z)®±Ze, (e, e) = -2(n + 1), 

where 2e is the class E of the nonreduced subschemes [Ml §4.3.1]. Each 
class rj G H^(y4, Z) yields a class in H^(i^„(A), Z), i.e., the subschemes 
with some support along rj. We use (, ) to embed H^(X, Z) C H2(X, Z) 
and extend (, ) to a Q- valued form on B.2{X, Z). Let G B.2{Kn{A) , Z) 
denote the class of a general ruling of E, i.e., where n — 1 of the points 
are fixed and the tangent vector at the nth point varies. We have 

e = 2(„ + l)ev, (ev.ev) = -^. 

The following data can be extracted from Gottsche's generating se- 
ries for the cohomology of Kummer varieties pT[ P- 50]. The table 
displays the Betti numbers (3y{Kn{A)) for n < 4: 
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7 
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108 


51 


36 


5 




8 


56 


64 


6 




7 


458 


168 


7 







56 


288 


8 




1 


51 


1046 



Consider the group 

Gn = Z/2Z X {Z/nZy 

where Z/2Z acts on (Z/nZ)^ via ±1. Let A be an abelian surface and 
identify A[n] = (Z/nZ)^. Then A[n\ acts on A via translation and 
Z/2Z acts on A via ±1. Altogether, we get an action 

Gn y- A A. 

Note that the induced action is trivial on H^(A). Conversely, any finite 
group acting on A such that the induced action on H^(y4) is trivial is a 
subgroup of Gn for some n. Indeed, actions fixing are determined by 
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the associated representation on H^(A), but the only group acting on 
H^(A) such that the induced action on /\^(H^(y4)) = H^(y4) is trivial is 
±1. 

Theorem 12.11 and the description on the second cohomology of gen- 
eralized Kummer manifolds yields: 

Proposition 3.1. For each n > 2, the action of Gn on A induces 
a natural action on Kn-i{A), which is trivial on H^(i^„_i(y4)). This 
action extends to a natural action on any deformation X on Kn-i{A). 

The action of Gn on Kn-i{A) has been considered previously, e.g., 

4. Analysis of the cohomology of K2{A) 

We recall the structure of the cohomology ring of K2{A), following 
[31], [201 §4], [26], and ^28]: 

Proposition 4.1. [201 4.6] Let X he deformation equivalent to K2{A) 
for A an abelian surface. The Lie algebra so{A, 5) acts on the cohomol- 
ogy H* {X) which admits a decomposition 

H*(X) = Sym(H2(X)) © if © {R%X) © H^(X)), 

where the middle term is a trivial so{4:, 5) -representation consisting of 
Hodge cycles in H^(X) and the last term carries the structure of a 
sixteen- dimensional spinor representation. 

Furthermore, the induced decomposition on middle cohomology 

(2) H^(X) = Sjm'iR^X)) ©^ if 
is orthogonal under the intersection form. 

Decomposition ([2]) is not the only natural decomposition of the mid- 
dle cohomology. The second Chern class C2{X) is also an invariant 
element of H^(X) but is not orthogonal to Sym^(H2(X)) [20, 4.8]; in- 
deed, we have the Fujiki relation 

C2{X) -0^-02 = ax {D^, D2) , /^i, D2 e H\X), 

where ax is a nonzero constant (which will be computed explicitly 
below). Writing 

Sjm\R\X)r = C2{X)^ n Sjm\}l\X)), 

we obtain an alternate decomposition 

(3) H^(X) = Sym2(H2(X))°©^lf. 

By the infinitesimal Torelli theorem, the first summand contains no 
Hodge classes for general deformations X. Indeed, since the period map 
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is a local diffeomorpliism, H^(X) carries a general weight-two Hodge 
structure with the relevant numerical invariants; such a Hodge struc- 
ture is Mumford-Tate generic [321 §2]. Hodge cycles in Sym^R^iX)) 
yield invariants for the action of the Hodge group of H^(X), which is 
the special orthogonal group for H^(X) under the Beauville-Bogomolov 
form. The only such invariants in Sym^(H^(X)) are multiples of the 
dual to the Beauville-Bogomolov form. 

Integral classes in the summand 1^ are called canonical Hodge classes, 
because they remain of type (2, 2) under arbitrary deformations. 

We construct 81 distinguished rational surfaces in X = K2{A), whose 
classes span an 81-dimensional subspace in H^(X, Q) which contains 
the summand 1^ above. This 81-dimensional space is different from 
the subspace indicated in ([3]), but we will describe explicitly how they 
are related. 

For each r G A, let Wr denote the subschemes in A^^^ supported 
entirely at r, with the induced reduced scheme structure. Briangon 
[U p. 76] gives explicit equations for the corresponding subscheme 
of the Hilbert scheme, via local coordinates. Eliminating embedded 
components from these equations, we find that Wr — P(l, 1, 3), realized 
as a cone over a twisted cubic in P^. 

In the case where r G ^[3], we have Wr C K2{A). This yields 
81 disjoint copies of P(l,l,3). We recover some of their intersection 
properties: 

. W? = 3; 

• Wrc"^ = 3; 

• WrC2{K2{A)) = -1. 

We prove these assertions. Using the fibration 

K2iA) ^[3] 

A 

we can reduce the computation of the first number to the main result 
of [8]. For the second number, it suffices to check that 

OK,iA){e)\Wr = Op^^^,,s){-H) 

where H is the hyperplane class associated with P(l, 1,3) P^. Let 
R denote the extremal ray corresponding to the generic fiber of the 
diagonal divisor (in K2{A)) over the diagonal of the symmetric product. 
The diagonal divisor has class 2e and 2e ■ R = —2, as the symmetric 
product has Ai-singularities at the generic point of the diagonal. Thus 
e ■ R = —1. However, R specializes to some cycle of rational curves 
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Rq C Wr and e\Wr is a nontrivial Cartier divisor, i.e., e = —nH for 
some n. Thus 

-l = e-R = -nH ■ Rq, 

hence n = 1 and Rq is a ruhng of P(l,l,3). For the third number, 
consider the induced morphism 

from the Hirzebruch surface resolving Wr] let Sq denote the (— 3)-curve 
contracted by (p. We have the exact sequence 

^ <p*TK,iA) ^N^^O 

which implies 
We may interpret 

C2{N^) + {contribution of Sq to the double point formula} = PV^ = 3, 

and an excess-intersection computation [TOl ch. 9] shows that contri- 
bution of So is zero. We conclude that C2{(t)*TK2{A)) = — 1- 

Remark 4.2 (contributed by M. Nieper-Wisskirchen) . These compu- 
tations can also be put into the framework of Nakajima's [25] descrip- 
tion of the cohomology of the Hilbert scheme. 
Consider the Galois cover 

v: Ax K'^-^^A) AM 
(a,0 a + i 

where a + ^ denotes the translate of ^ by a. The Galois group is 
A[n\. Let Bq be the Briangon variety in A^"' of those subschemes whose 
support is 0. Then v*Bq is the same as x ly in the cohomology ring of 
A X K'"'~^{A), where W = ^reA[n] Let B be the Briangon variety 
in A^"! of those subschemes that are supported at a single arbitrary 
point. Then v*B = AxW. 

Now assume n = 3. To show that W"^ = 3, we have to show {v*Bq) ■ 
{v*B) = 81-3, as the different Wr are orthogonal. As deg(f) = 81, 
this is the same as showing that i?o ■ -B = 3 on the Hilbert scheme. 
Now Bq happens to be q^{u)\0), where u is the codimension-four class 
of a point in A, and B is g3(l)|0), using the standard notation for 
the cohomology classes in the Nakajima basis [21 §4]. Using the well- 
known commutation relations between these operators, one gets that 
the Poincare duality pairing of g3(a;)|0) and g3(l)|0) on the Hilbert 
scheme is exactly 3. 

Intersections with C2 can be obtained using the techniques of [Il[2]. 
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Consider the averaged class 

W := J2 

T&A[3] 

with intersection properties 

• H/2 = 81 . 3 = 243; 

• We"^ = 243; 

• Wc2{K2{A)) = -81. 

It follows that 

Given p e A consider the locus 

Yp = {(ai, 0,2,7^) : ai + 02 + p = 0} C K2{A). 
Exchanging the first two terms induces 

t : ai !->■ —p — ai 

on the first factor, which is conjugate to the sign involution. (Set 
ai = q + a for 2q = —p; then L{a) = —a.) In addition, Yp meets the 
boundary at {(— 2p) + p + p}. Thus Yp is isomorphic to the Kummer 
surface -f^i(^) blown up at one point, i.e., the images of a = ±3g. 

The diagonal divisor meets Yp along the 16 distinguished (— 2)-curves 
and with multiplicity two along the (—1) -curve over the center, thus 
we have 

e% = i(-4+16-(-2)) = -9. 
Evidently, Yp is disjoint from Wj- for p ^ A[3] , thus 

Yp-Wr^ 0. 

Using the computations for Wr done previously, we find 

Yp^^{3c2{MA)) + e'). 

In particular, Y^ — 1 and given f,gE: 11^(^4, C) we have 

f-g-Yp = 2f-g. 
Assume p ^ 74[3] and write 

Zr^Yp- Wr. 

As a consequence, we deduce 
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for all Di,D2 G li^ {K2{A) , Z) . By the orthogonal decompositions ((21) 
and ([3]), we conclude G 1/^2(^)5 i-^-, they are canonical Hodge cycles. 
We summarize this analysis as follows: 

Proposition 4.3. Let X he deformation equivalent to K2{A), for A 
an abelian surface. Consider the lattice of canonical Hodge classes 

(l^^nH^(X,Z)) C H^(X,Z), 

associated with the decomposition The classes {Zr}TeA[3] in this 

lattice span (1^ nH^(X,Q)) and satisfy 

(4) Zl =4, Z,-Z,, = lifr^ t\ C2{X)Z, = 28. 

This raises a question: How do we interpret these geometrically? 
One approach is to analyze the limit lim^^^ 1^, to determine whether 
it contains as an irreducible component, with residual intersection 
in the summand 1^. 

The approach we take is to analyze the action of G3 on K2{A) and its 
deformations. Regard Gs C Sp(74[3]) x A[3], the canonical semidirect 
product associated to the action of the symplectic group on A[3]. 

Theorem 4.4 (Hodge conjecture for canonical classes). Consider the 
action of G3 on K2{A). For each r G A[3] C G3, let tr G G3 denote 
the involution fixing r. 

(1) The fixed point locus of Lr has two irreducible components. First, 
there is an isolated point corresponding to the vertex ofWr- Sec- 
ond, there is a Kummer surface that is an irreducible component 
of\im.p^-rYp and has class Zr. For instance, we have 

Zq = {(ai, a2, as) : ai = 0, 02 = -as, 02 ^ 0} 

and the other Z^ are translates of Zq via the action of A[3]. 

(2) For each deformation X of K2{A), the Z^ deforms to a sub- 
manifold of X. 

Proof. Each t-r is conjugate to the involution induced by the sign invo- 
lution on A; its fixed points are clearly the stratum Zq and the vertex 
of the exceptional divisor Wq. 

Proposition 13. II shows each t^- carries over to deformations of X; thus 
the fixed-point loci carry over as well. □ 

Definition 4.5. Let X be an irreducible holomorphic symplectic man- 
ifold, with its natural hyperkahler structure. A submanifold Z <Z X 
is trianalytic if Z is analytic with respect to each of the associated 
complex structures. 
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These have been studied systematically by Verbitsky; see, for ex- 
ample, [201 E2]- One general result is that analytic subvarieties rep- 
resenting canonical Hodge classes are automatically trianalytic [301 
Thm. 4.1]. In particular, all analytic subvarieties of (Mumford-Tate) 
general irreducible holomorphic symplectic manifolds have this prop- 
erty. The deformations of the Zr in X are thus examples of trianalytic 
submanifolds. We lack a clear picture of what these generic defor- 
mations look like. However, their middle cohomology should have a 
piece that is isogenous to H^(X). For more discussion of trianalytic 
subvarieties of generalized Kummer varieties, see [18| §6]. 

5. The lattice of canonical classes 

Proposition 5.1. The lattice H = {Zj. : r G ^[3]) under the intersec- 
tion form is positive definite of discriminant 2^ ■ 3^^ ■ 7. We have 

C2(X) = ^ E 

t€A13] 

which is non- divisible. 

Proof. From Equation (jl]), we see that the intersection form of H is 







Zt2 


■ ■ ■ 




4 


1 


1 ■•• 




1 


4 


1 ■•• 




1 


1 


4 ■-. 



so the corresponding matrix has eigenvalues 84 (with multiplicity one) 
and 3 (with multiplicity eighty). 
The non-divisibility follows from 

C2(X) ■ Zj = 28, C2{Xf = 756, C2(X) ■ = -3, 

where C X is a Lagrangian plane. □ 

Proposition 5.2. Consider the generalized Kummer varieties defor- 
mation equivalent to K2{A). The image of the monodromy representa- 
tion on 

H = (Z, : r G A[3]) C H^(X,Z) 
contains the semidirect product 

Sp(A[3]) X A[3], 

where Sp{A[3]) is the symplectic group. These groups act on the Z^-, r G 
A[3] via permutation. 
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Proof. The monodromy representation for abelian surfaces acts on their 
three-torsion via the symplectic group Sp(A[3]); this group acts on 11 
as well via the permutation representation on the Z^-. In addition, 
translation by a three-torsion element r' G A[3] induces a non-trivial 
action on K2{A); the action on 11 corresponds to the permutation 

Zj- I — y Z-j-^-j-i . 

□ 

6. Comparison between Hilbert schemes and generalized 

kummer varieties 

The middle cohomology of the Hilbert scheme Y of length-two sub- 
schemes of a K3 surface is generated by the second cohomology. Thus 
the class of a Lagrangian plane in Y can be written as a quadratic 
polynomial in H^(y). After suitable deformation, it can be written as 
a linear combination of C2{Y) and A^, where A is proportional to the 
class of a line. This Ansatz allowed us to compute (A, A) in this case 
[El §4]. 

In our situation, the presence of 80 additional classes complicates 
the algebra. The following proposition shows these must be included 
in any formula for the class of a Lagrangian plane: 

Proposition 6.1. Let X he deformation equivalent to K2{A) and P C 
X a Lagrangian plane. Let A G II^(X, Z) he 6[£] where £ G P is a line. 
Then we cannot write 

[P] = aX"" + bc2iX) 

for any rational a, 6 G Q. 
Proof Recall that [29l p. 123] 

C2{XY = 756 

and [g §5],[5l Thm. 6] 

x{Ox{L)) = 3(^2^ ^) = LV4! + L'c2iX)/2A + x{Ox). 
Thus we find 

= 9 (L, Lf , L^C2{X) = 54 (L, L) . 
The condition [P]^ = 3 translates into 

3 = 9a^ (A, A)^ + 108a6 (A, A) + 7566^. 
The condition C2(X)|P^ = —3 yields 

-3 = 54a (A, A) + 7566. 
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Finally, the fact that AjP^ = (A,£) i implies 

(A, A)^ /36 = 9a (A, A)^ + 546 (A, A) . 
These equations admit no solutions for a, b, (A, A) G Q. □ 

7. A KEY SPECIAL CASE 

In order to formulate a revised Ansatz, we analyze a specific example: 
Let A = El X E2 and consider the planes P C K2{A) associated with 
the linear series 3 ■ (0) in Ei x 0. Let A' = Ei[3] x C A[3], i the class 
of a line in P, and 

X = Qe = QEi- 3e 
the corresponding class in H^(A'2(A), Z). 

Proposition 7.1. 

reA' 

Proof. We start with the Ansatz 

[P] = aX^ + bc2{X) + Z 

where Z e C2(A)^ n (Z^ : r G A[3]) . 
Recall that [2H1 p. 123] 

C2(A)2 = 756 

and [g §5],[5l Thm. 6] 
Thus we find 

L^ = 9{L,L)\ L^cslA) = 54 (L,L) . 
Furthermore, we have 

L1L2L3L, = 3 [(Li, L2) (L3, L4) + (Li, L3) (L2, ^4) + (Li, L4) (L2, La)] . 
The condition [P]^ = 3 translates into 

3 = 9a^ (A, A)^ + 108a6 (A, A) + 7566^ + Z -Z. 
The condition C2(X)|P^ = —3 yields 

-3 = 54a (A, A) + 7566. 
Finally, the fact that AjP^ = (A,£) £ implies 

(A, A)^ /36 = 9a (A, A)^ + 546 (A, A) . 
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Given that (A, A) = —54, the last two equations allow us to solve for a 
and b, i.e., we find a = 1/216 and b = 1/72. Thus we have 



It follows that 



[P]-e2 = ^AV + f|(e,e) 

= ^((A,A)(e,e) + 2(A,ef)-9/2 
= 9. 

We apply the formulas from Section HI We know that 

P.[W] = P- lic2{X) + Se') = -9/8 + 81/8 = 9 
8 

and 

1 



p.[Y,]=P.-{3c,{X) + e') = 0. 

The geometry of P shows it is disjoint from Wr for r ^ A'. By sym- 
metry, we conclude that 

P ■ [Wr] = 1, re A'. 

It follows that 

'O if r ^ A' 
-1 if r G A', 

which refiects the fact that P fails to intersect these trianalytic varieties 
transversally. 

Thus for r G A' we have 

Z-Zr = ([P]-^A2-^C2(X))-Z. 
= -1 - 216^ (-^' - ^28 
= -8/9. 

Since the r G A' appear symmetrically in we conclude that 
Z = a 



We have seen that 

'4 if r = r' 
1 if r ^ r'. 



Z^Z^i — 
thus a = 1/3 and we conclude 

\P\ = + ^c,{X) + l{c,{X)/3 - J2 Zr), 

tGA' 

which yields the desired formula. □ 
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8. Integrality 

The example in Section [7] allows us to obtain further integrality re- 
sults: 

Proposition 8.1. Let A' C A[3] be a translate of a non-isotropic two- 
dimensional subspace. Then 

re A' 

intersects each class ofU integrally. 

This statement follows from the computation in Proposition 17.11 and 
Proposition [5]2l which implies that the monodromy acts transitively on 
translates of non-isotropic subspaces. These are precisely the projec- 
tions of planes described above (and their orbits under the monodromy 
action of Sp(y4[3]) and translation by A[3]) into 11. 

Proposition 8.2. Let U' denote the dual of the lattice U, with the Q- 
valued intersection form induced 6y 11' C 11 ® Q. Then 11' is generated 
by 

• I YliT f^rZr, where (3^ & Ij and satisfy /3r = (mod 3). 

Proof. It is evident that these classes generate a subgroup containing 
n and intersect each of the Z,- integrally. Thus if M is the lattice they 
generate, we have 

n c M c n'. 

We compute the index of 11 in M. The sublattice M2 C 11' generated 
by the classes ^ as above factors 

n c M2 c ^n. 

The image of M2 in ^U/U ~ (Z/SZ)^^ is a hyperplane, thus H C M2 
has index 3^°. Note that C2(X) G M2 primitive vector, thus 

M2 C M2 + ^C2{X) = M 

has index 28. Thus the index of 11 C M is 3®" ■ 28, which is the 
discriminant. □ 

Proposition 8.3. Consider the vectors Z'^ = |(^^^|^ — Zr) for each t, 
which have intersections 



16 
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n' = {J2 l^rZ', : G Z, ^ = (mod 3)}. 



The intersection form on 11' takes values in 2^^/ squares of elements 
are in 2^3'^- 

Proof. Only the last statement requires verification: It suffices to ob- 
serve that the matrix 

/83 -1 -1 ■■■\ 

-1 83 -1 ■• 



(6) 



is congruent to 



-1 



v 




/-I 


-1 


-1 


-1 


-1 


-1 







83/ 



• -1/ 

modulo three. Elements summing to zero modulo three are in the 
kernel. □ 

9. Computing (A, A) 

We formulate a new Ansatz in light of the example in Section [71 
Let P be a class of a plane, which we now assume can be written 

(7) P = aX^ + bc2{X) + Z 

as above and in the proof of Proposition 17.11 Note that > as the 
lattice n is positive definite, thus 

(aA2 + 6c2(X))2 < 3. 

Using the equations 

-3 = 54a (A, A) + 6756 
^ - 9a(A,A)V546(A,A) 



36 



to eliminate a and b, we find 
ia\^ + bc2iX)f- 



^ (7 (A, A)V 108 (A, A) + 972). 



46656 



This is always positive, and is < 3 only when | (A, A) | < 150. Thus 
there are only finitely many possibilities for (A, A). 
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We introduce a new class: Let /i G ZA^ + Zc2(X) denote a primitive 
class orthogonal to C2(X) such that A^ appears with a positive coef- 
ficient. This is unique up to a positive scalar; we'll choose a specific 
representative in the next lemma. Note that /i is also orthogonal to 
each of the and Z^, by Proposition 14.11 

Lemma 9.1. We have ^ > 0. 

Proof. We may write 

/i = 7A^-%^C2(X), 

which is orthogonal to C2(X). Using the intersection numbers computed 
above, we find 

/i^ = 49 ■ 9 (A, A)^ - 7 ■ 54 (A, A)^ + 756/4 (A, A)^ = 252 (A, A)^ . 

□ 

We write the class of a Lagrangian plane in terms of this orthogonal 
decomposition; since [P] is integral, its projection onto each summand 
lies in the dual to the underlying lattice. In particular, we have 

(8) [P] = «/i + ^ /3.Z:, /3. G Z, a G Q, 

T 

and J2t /^t = (mod 3). If a is the constant in Equation (JTj) we have 
a = 7a. Combining the equations above with these, we find 

36 

Write 

^ = ^rZ'^i =P'- (a/i)^ = 3 -a' (A, A)^ ^ 

and use the equations above to eliminate a. We find 

_ -49 (A, A)^ - 756 (A, A) + 976860 
~ 326592 
_ -49 (A, A)^ - 756 (A, A) + 2^ • 3^ ■ 5 ■ 67 
- 26 . 36 ■ 7 

The lattice {Z'^) is positive definite, so 5 > 0. This implies 

(9) - 150 < (A,A) < 134. 
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We know that 9 ■ 28 ■ S* is an integer represented by the quadratic 
form and thus is divisible by 3. We therefore obtain the following 
divisibility 

2^3^149 (A, A)^ + 756 (A, A) - 2^ ■ 3*^ ■ 5 ■ 67. 

Thus we find 

(10) (A, A) = 2 (mod 4), (A,A) = (mod 27). 

The only admissible values in the range (—150, 134) are 

(A, A) = ±54. 

It follows that 



:iii 



S= {Y.l^rZ'}j =75/2J 



and 9 ■ 75 = 675 is represented by ([6]). 

10. Analysis of short vectors 

We complete the proof of Theorem 11.11 and extract additional infor- 
mation on how classes of Lagrangian planes project onto the tautolog- 
ical classes. 

Lemma 10.1. Let Ylrf^rZ'^ denote the projection of P onto the sub- 
lattice U' , as described in Then we have J2t t^r — ^■ 

Proof. Recall that C2{X)[P] = —3 and C2{X)fi = 0, so that 

C2(X)(^/3X) = -3. 

T 

On the other hand, we have 

C2(X)Z: = C2(X)(c2(X)/84 - 1/3Z^) = -1/3 

so we find 

C2(X)(/3X) = -1/35^/3.. 

r 

The equation follows. □ 

Let = 9 ■ 28 ■ n', i.e., the dual to 11 renormalized to an integral 
form as in Then the Lemma implies 

84(E.a-81. 
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This means that 9 • 28 • S* — 81 = (mod 84), which yields the congru- 
ences 

-49 (A, A)^ - 756 (A, A) + 2^ ■ 3^ ■ 7 ■ 51 = (mod 2*^ ■ 3^ • 7), 
which are stronger than those in ( fTOl) . We obtain that 
A = 2 (mod 8), A = (mod 27). 
Combining this with the bounds we conclude that 

(A, A) = -54. 

Since A = 6£, we deduce that (£, £) = —3/2, which completes the proof 
of Theorem 11.11 

Proposition 10.2. We have /3t- = for all but nine values of t, for 
which f3r = I- 

Proof. We have shown (see fllip above) that S = 75/28, which means 
that 

84 ^ = 81 + 9 ■ 28 ■ 5 = 756 

r 

whence 

T T 

Since the are integers, at most 9 of them are nonzero, and we may 
as well restrict to that subspace. 

By basic calculus, the maximal value of the function xi + ■ ■ ■ + x„ 
on the unit sphere is ^/n, achieved precisely at xi = X2 = ■ ■ ■ = x„ = 
Xj \fn. Applying this to our nine- dimensional subspace gives the result. 

□ 

11. MONODROMY AND INTERSECTION ANALYSIS 

We continue to identify the set of all r with A[3], the three-torsion 
of an abelian surface. The following Proposition summarizes what we 
have obtained so far: 

Proposition 11.1. Let X be deformation equivalent to K2{A), P G X 
a Lagrangian plane, i G H2(X, Z) the class of a line on the plane, and 
X = 6ie H2(X, Z). Then we have 

reA 

216 8 ^ ^ 3^ 

reA 

where Z'^ = |(^^^|^ — Zr) and A C A[3] is a set of cardinality nine. 
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We recall the following geometric facts: 

• the group acts on X, and thus on {Z,- : r G A[3]} and 11, as 
described in Proposition I3.1j 

• the Zt- are canonical trianalytic submanifolds, and they deform 
as X deforms (see the end of Section H]); 

• the monodromy group acts on {Z^} and 11, as described in 
Proposition 15.21 given a distinguished base point tq, the inter- 
section of the monodromy group with the stabilizer of tq con- 
tains the symplectic group Sp(y4[3]), where tq is interpreted as 
0. 

Theorem 11.2. Suppose P G X is a Lagrangian plane as in Proposi- 
tion Then A C A[3] is a translate of a two-dimensional suhspace. 

Note that the example presented in Section [7| and the facts on mon- 
odromy/automorphisms quoted above imply that every translate A of 
a two-dimensional non-isotropic subspace arises from a plane in a de- 
formation of X. 

Problem 11.3. Can isotropic subspaces arise from Lagrangian planes? 

Corollary 11.4. Suppose that P G X is a plane contained in a man- 
ifold deformation equivalent to K2{A). Then the orbit of P under 
Aut(X) contains nine distinct planes; the stabilizer of P has order 
dividing nine. 

Proposition 11.5. Let A denote a set of points arising from a La- 
grangian plane. Then 

#{An(A + ro)} (mods) 
is constant as tq varies. 
Proof. We have 

VrGA / VreA / \Te(A+ro) / 

because if P2 is the corresponding plane then 

- P ■ P2 e Z, 

which translates into the assertion of the lemma. 

The corresponding vectors have pairing (with respect to \E') divisible 
by 9 ■ 28 

E (mod 9 -28). 

T-eA re(A+ro) 
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Modulo 9 ■ 28 we find 

83#{r G A n (A + To)} - #{(r, r) ; r ^ r, r G A, ? G (A + tq)} = 
and 

84#{r G A n (A + To)} - #{(r, r) : r G A, r G (A + Tq)} = 0. 
Since |A| = |A + ro| = 9, we have 

84#{r G An (A + To)} = 81 (mod 9 ■ 28) 

and 

#{r G An (A + To)} = (mods). 

□ 

Remark 11.6. This is insufficient to characterize translates of two- 
dimensional subspaces in A[3] ^ (Z/3Z)'^. For instance, consider the 
set 

{62, 62 + 61,62-61, 63, 63 + 61,63-61, 64, 64 + 61,64- 61}. 

Every element of the orbit of this set under G3 meets the set in or 
3 points. Thus our intersection condition is insufficient to establish 
Theorem 111.21 

We strengthen the analysis above. Suppose P and P are planes of 
the form 

[P] = afi + Y, PrZ',^ [P] = + E 

r T 

SO the difference is an integral class 

(12) [P]-[P] = Y,{^-^)Z'^- 

T 

The nonzero coefficients are all ±1. Applying the symplectic group 
Sp(y4[3]), we get additional integral classes. In particular, the classes 

are integral for each non-isotropic A C v4[3] and tq G ^[3]. 

Proposition 11.7. Let A denote a non-isotropic subspace and A a set 
of points arising from a Lagrangian plane. Then 

#{An(A + ro)} (mod 3) 
is constant as tq varies. 
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Proof. Consider the classes EreA^r> EreX^r; and EreA+ro ^r- We 
have 

which translates into 

E ^^-E^n =0 (mod9-28). 

^eA / \reA+To rGA / 

Thus we have 

83#{r e An (A + To)} - #{(r,r) : r ^ r, r G A, r G A + tq} 

= 83#{r G A n A} - #{(r, r) : r ^ r, r G A, ? G A} (mod 9 ■ 28) 

and 

84#{rG An (A + ro)}-#{(r,r) :rG A, rG (A + to)} 

= 84#{r G An A} - #{(r,r) :r G A,?G A} (mod 9 ■ 28). 

Since |A| = |A| = |A + ro| = 9, we obtain 

#{rG An(A + ro)} = #{rG AnA} (mod 3), 

which is what we sought to prove. □ 

We shall need the following result on finite geometries, which should 
be understood in the context of Radon transforms over finite fields 



Proposition 11.8. Let V be a four- dimensional vector space over a 
finite field with q elements, with q odd. Suppose that V admits a sym- 
plectic form. Suppose that A G V is a subset with q^ elements such 
that, for each affine non-isotropic plane A C V^, the function 

V Z/qZ 

T ^ #{An(A + r)} (mod g) 
is constant. Then A is an affine plane in V. 

Proof. It suffices to show that A is 'convex', in the sense that for any 
pair of distinct ti,T2 G A, the affine line 1{ti,T2) is contained in A. 
Suppose this is not the case, so in particular 

#{l(ri,r2)nA}<g. 

For simplicity, assume that ri = so that every affine plane con- 
taining 1{ti,T2) is a subspace. Let Gt{2,V) denote the Grassmannian 
(a smooth quadric hypersurface in P^), IGr(2, V^) the isotropic Grass- 
mannian (a smooth hyperplane section of Gr(2, V")), and S C Gr(2, V) 
the Schubert variety of planes containing l(ri,r2) (which is isomorphic 
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to P^). Note that S (f_ IGr(2, y), since the latter is a smooth quadric 
threefold. Thus 

So := S n (Gr(2, V) \ IGr(2, V)) ~ 

which has (f points over our finite field. 

The planes parametrized by So are disjoint away from [(ri, T'^. Hence 
the pigeon-hole (Dirichlet) principle guarantees there exists at least one 
such plane A that contains no points of A outside l(Ti,r2). Otherwise, 
A would have more than points. Consequently, 

^:=#{AnA} = #{An[(ri,r2)} 

is between 2 and — 1. 

Consider the affine translates A + r, for r taken from a set of coset 
representatives of V j K. These are disjoint affine planes, each with 
at least m points of A. Thus A has cardinality at least mg^ > g^, a 
contradiction. □ 

12. Further remarks on saturation 
Problem 12.1. Characterize the saturation of 11, i.e., the intersection 

n"«* = (n® Q) nH^(x,z). 

Example 12.2. Let S = Ki{A) be a Kummer surface, Zr the (— 2)- 
classes associated with A[2], and 11 = {Zt : r G A[2]) which has dis- 
criminant 2^^. The saturation of 11 in H^(S', Z) is computed in |2n §3]; 
an element 

^^e(r)Z„ e(r) = 0,lGH2(^,Z) 

T 

if and only if e : y4[2] — )■ Z/2Z is affine linear. In particular, the sat- 
uration has discriminant 2^^~^'^ = 2^, since the affine linear functions 
have dimension five over Z/2Z. 

We exhibit generators admitting geometric interpretations. For each 
A C v4[2] non-isotropic of dimension two, the class 

(13) ik^r- E A 

is integral for geometric reasons. Analogously to the example in Sec- 
tion [TJ we can consider A = Ei x E2 and P^'s corresponding to degree- 
two linear series on the factors. Taking difference of one such P^ and 
its translate, we obtain classes of the form (fT3!) . 

We claim that the extension of 11 corresponding to these geometric 
classes agrees with the extension associated with affine linear forms. 
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Suppose that A is non-isotropic through the origin, defined by x = y = 
0; over Z/2Z it can be defined as x'^ + xy + y'^ = 0. Taking the difference 
of this quadric and a translate, we find 

x'^ + xy + y'^ — {x + aY ~{x + a){y + b) — {y + b'^) = —xb — ya — a'^ — ab — b'^, 

which span all affine hnear forms involving x and y. Varying over all 
such A, we get the space of all affine linear forms. 

The same construction is applicable to K2{A) as well: The additional 
classes ( fT2l) give an extension of 11 = (Z,-) by a subgroup isomorphic 
to the Z/3Z- vector space of affine linear forms on A[3]. The resulting 
lattice has discriminant 2^ ■ 3''^ ■ 7. However, this is far from the full 
saturation, because the discriminant of the lattice 

Sjm\B.\X, Z)) nc2(X)^ 

is much smaller. Indeed, using the formula 

DiD^D^D^ = 3iiDi,D2){D3,D,) + {D,,D3)iD2,D,) 

for Di,D2,D3,Di G H2(A,Z) C B.^ {K2{A) , Z) , we can show that 
Sym^(H^(i^2(^))) has discriminant 2^^ • 3^^. Taking the orthogonal 
complement to C2{X) can only increase the exponent of 3 by the power 
of 3 appearing in C2(X)^ = 756. 

13. A NEGATIVE RESULT ON ISOTROPIC SUBSPACES 

Theorem 111.21 yields affine subspaces A C A[3] but does specify 
whether they are isotropic or non-isotropic (up to translation). In 
Section [71 we exhibited examples of non-isotropic subspaces. Here we 
identify obstructions to the appearance of isotropic subspaces: 

Proposition 13.1. Let X and X denote manifolds deformation equiv- 
alent to K2{A). Assume there exist Lagrangian planes P G X and 
P C X with 

where A C A[3] is a two-dimensional non-isotropic affine subspace. 
Assume A G H^(X, Z) and A G H^(X,Z) are equivalent under the 
monodromy action. Then A is not a translate of an isotropic subspace. 
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Recall that A G Ii^{X,Z) satisfies 

(A, A) = -54, (A,H2(X,Z)) = 6Z. 

Proof. Choose 7 to be an element of the monodromy group of X acting 
on A[3] via a nontrivial symplectic transformation. Note that 

7A = A or 7A n A = {0} 

which implies 

Since P ■ 7(-P) G Z we find that 

(—A' + — C2(X)) • 7(— A^ + — C2(X)) = — or — (mod Z). 
^216 56 ^ '4l6 56 ^ 28 84 ^ ^ 

On the other hand, it is possible to produce 7 where 7(A) fl A is 
one- dimensional (see Proposition 15. 2p . Here, it is crucial that A be 
non-isotropic. Then we have 

which combined with the fact that P ■ 7(-P) G Z yields 

(^A^ + ^^^(•'f )) • ^(^^^ + ^^^(A-)) - ^ (mod Z). 

Since A and A are in the same orbit under the monodromy representa- 
tion, they share common intersection properties. Thus this is incom- 
patible with the first equation above. □ 

14. Divisibility properties and monodromy 
Let X be deformation equivalent to Kn{A). Note that 

because this is a unimodular lattice of signature (3,3). Thus the 
Beauville-Bogomolov form on H^(X, Z) (see ([T])) has discriminant group 
d{X) = Hom(H2(X, Z), Z) /R^{X, Z) ~ Z/2(n + 1)Z. 

Let r denote the subgroup of the orthogonal group of (X, Z) acting 
trivially on d{X). Consider equivalence classes of primitive vectors, i.e., 
primitive D, D' G H2(X, Z) are equivalent if (D, D) = {D', D'), 

(Z},H2(X,Z)) = (Z},H2(X,Z)) = (rf), 
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and = \D' in d{X). By ^ §10] (cf. [HI Lemma 3.5]) we have that 
F-orbits are equal to these equivalence classes. 

In light of Markman's results on the monodromy of Hilbert schemes 
of K3 surfaces [231 122], it is natural to ask the following: 

Problem 14.1. Does the monodromy representation on H^(X, Z) act 
transitively on equivalence classes of primitive vectors? 

Assuming this, the class £ of a line on a Lagrangian plane would have 
to be in one of the following equivalence classes: 

£ = E-3e^,3e^. 

We expect only the primitive class occurs because 

• we know of no examples where the minimal effective generator 
^ of an extremal ray associated to a birational contraction of 
holomorphic symplectic manifolds fails to be primitive; 

• we conjecture [H] that classes of type arise from divisorial 
contractions, e.g., the contraction from Kn{A) induced by the 
Hilbert- Chow morphism 

^[n+l] _^ ^("+1). 

However, these contractions are preserved under deformations 
that respect as a Hodge class. 
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